AD-A153 513 COMPUTABLE NUMERICAL BOUNDS FOR LAGRANGE HULTIPLIERS OF 1/1 .

STATIONARY POINTS.. (U) WISCON SIN UNIY-MA
MATHEMATICS RESERRCH CENTER HRNGRSBRIRN JAN 835
UNCLASSIFIED HRC TSR-2781 DAAG29- BB-C-O F/G 12/4 NL

......... - ‘
Fumin |
ot !




............

*. —

] r v .
Y—yr e v~

=5 :
N

"m e
li2s e pos

——
o r—rr"——

ey - -

NN e

MICROCOPY RESOLUTION TEST CHART [
NATIONAL BURLAU OF STANDARDS 1963 A

.........




o

— ~ T — ——
T IR A e MEPEAAE A EPE e i

-

MRC Technical Summary Report #2781
. ™M R
e ) ) .
(Te] COMPUTABLE NUMERICAL BOUNDS FOR T
t LAGRANGE MULTIPLIERS OF STATIONARY Sl
™ POINTS OF NONCONVEX DIFFERENTIABLE R
n NONLINEAR PROGRAMS
< o
D 0. IL.. Mingasarian
: [
e
Mathematics Research Center e
. University of Wisconsin—Madison i
°®
610 Walnut Street A
‘ '] [ ] 1]
Madison, Wisconsin 53705
O anuary 1984 - ..
o (Received December 17, 1984) S
Lol o
—4 .
. -
es DTIC
 — E'.ECT¥F
= Approved for public release i t
Distribution unlimited MAYQ  198% °
Sponsored by D o
U. S. Army Research Office NMational Science Foundation ° ’
p. 0. Box 12211 Washington, DC 20550 -
Rescarch Triangle Park
North Carolina 27709
85 ¢ . e
T A T T T AR '-;L'L- e s A‘__A , ___' R




5

L or oo
. T omAkl RO
oot T8

UNIVERSITY OF WISCONSIN - MADISON
MATHEMATICS RESEARCH CENTER

COMPUTABLE NUMERICAL BOUNDS FOR LAGRANGE MULTIPLIERS OF
STATIONARY POINTS OF NONCONVEX DIFFERENTIABLE
NONLINEAR PROGRAMS

O. L. Mangasarian
Technical Summary Report #2781
January 1985
ABSTRACT

‘It is shown that the satisfaction of a standard constraint qualification -
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of mathematical programming—fS)xat a stationary point of a nonconvex differ-
entiable nonlinear program provides explicit numerical bounds for the set of
all Lagrange multipliers associated with the stationary point. Solution of a
single linear program gives a sharper bound together with an achievableAEQund
on the 1-norm of the multipliers associated with the inequality Fonstraints.
The simplicity of obtaining these bounds contrasts sharply with the
intractable NP-complete problem of computing an achievable:upper bound on the
p-norm of the multipliers associated with the egualitx‘ponstraints for integer

p2 1.
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SIGNIFICANCE AND EXPLANATION

The purpose of this work is to show that a fundamental regularity
condition of nonlinear programming contains information which provides
numerical bounds for the Lagrange multipliers of local solutions of nonlinear
Lagrange multipliers play a fundamental role in stability and

programs.

perturbation analysis of nonlinear programs.

The responsibility for the wording and views expressed in this descriptive
sunmary lies with MRC, and not with the author of this report.
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COMPUTABLE NUMERICAL BOUNDS FOR LAGRANGE MULTIPLIERS OF - ."{3:
STATIONARY POINTS OF NONCONVEX DIFFERENTIABLE o
NONLINEAR PROGRAMS
O. L. Mangasarian

Consider the constrained optimization problem

(1) minimize £(x) subject to g(x) £ 0, h(x) = 0

where £ : R® * R, g : R* *R® and h : R® » R*. It is well known that if a b o

standard constraint qualification [2, 5] ' . {_;f:_j

Vgl(;)z < ~e, Vh(x)z = 0 for some z € Rn, and

(2) ) ) -.
rows of Vh(:) are linearly independent ’ j
holds at a local solution x of (1) at which f, g and h are continuously 4
. 4
differentiable, I = {i l gi(x) = 0}, Vgix}, VgI(x) and Vh(x) are m x n, - - ~.M¢_~.4
; 4

; x nand k x n Jacobian matrices respectively, e is a vector of ones and

m is the number of elements in I, then x is a stationary point of (1), :.~;]]grg,

that is it satisfies the Xarush-XKuhn~Tucker conditions [2]

(3)  V£(x) + uVg(x) + vWh(x) = 0, ug(x) = 0, g(x) < 0, u 2 0, h(x) = 0

for some Lagrange multipliers (G;;) e Rm+k. Let ;' denote the set of all

Lagrange multipliers which satisfy (3) for a fixed x. It follows from
Gauvin's theorem [1] that if x 1is a local solution of (1), then W is
nonempty and bounded if and only if the constraint qualification (2) holds.
What we would like to point out in this note is that any z in the set 2 ~f

points satisfying the constraint qualification (2) for a fixed ; provides an

explicit numerical bound for all (;,;3 in W as follows:

(4) TPURP VE(x)z

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This R
material is based upon work sponsored by the National Science Foundation under ———
Grant No. MCS-8200632. e T
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(5) vl < max{IVE(x)BE_ , I(VE(x) + (VE(x)z)Vg.(x))BI }
- jer P J b
where B 1is the n %X k matrix defined by
- — oy =T =1

(6) B := Vh(x) (Vh(x)Vn(x)T)

- mo V/p -
and lul denotes the p-norm (.l1 luj|p) for pe [1,%) and Tull =

- =
max |u. . In particular we have the following.
1<y¢m
1. Theorem. Let x be a stationary point of (1). The corresponding non-

empty set of all Lagrange multipliers W satisfying the Karush-Kuhn-Tucker

conditions (3) is bounded if and only if the constraint qualification (2)

holds, in which case each (u,v) in W is bounded by (4) - (5) for

p € [1'm].

Proof. The nonempty set ‘; is bounded if and only if there exists no (uI,v)

satisfying

(7) u;Vg; (x) + WWh(x) = 0, ug 2 0, (ug,v) # 0

which by a theorem of the alternative [3, Theorem 1(i') & (iii)], is

equivalent to the constraint qualification (2). Hence for such a case we have
for (G}:) e ; and p € [1,] that
(8) Hul_ ¢ tul, ¢ max _  {eu; | uVg (x) + vVh(x) + V£(x) = 0, u 3 0}
+
(u ,v)eRm k
I
(8a) . - = -
= min_ {(ve(x)z | Vg (x)z < ~e, Vh(x)z = 0}
Z€R
_ (By linear programming duality)
< VE(x)z for z €z

which establishes (4).

for any (u,v) € W, ze€ Z and p e [1,%]

Now, we have that
(9) vl < max {dvl | -vVh(x) = V£(x) + u Vg (x), u; 2 0}
v,a
I
< max {#vl_ | v = —(VE(x) + uIVgI(;3)B, ur 2 0, eu; ¢ VE(x)z}
v,u
I
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max{h (VE(x) + uIVgI(;))Bllp | up 2 0, eu; ¢ VE(x)z)

Yy

max {(IVE(x)BI , W(VE(x) + (VE(x)z)Vg_(x))BN_}
je1 P 3 P

]

where the last equality follows from the fact that the maxinum of a continuous

convex function on a bounded polyhedral set is attained at a vertex [7,

Corollary 32.3.4]. This establishes the bound (5).

2. Corollary. The bounds (4) - (5) of Theorem 1 can be sharpened by

replacing z by z where =z 1is a solution of the solvable linear program

(Ba).

We note that the bound (4) with p=1 and z =2, where 2z is a
solution of (8a) is implicitly given in the elegant proof of Gauvin [1] which
characterizes the nonemptiness and boundedness of W for a local solution x
of (1) by the satisfaction of the constraint qualification (2).

It is interesting to note that the first part of the constraint qualifi-

cation (2) (existence of z)

second part of (2) (linear independence of the rows of Vh(;)) gives a bound

on H;Ip, which is not necessarily achievable. It is however possible (but

impractical for large k) to compute max _ Kvi_ by solving 2k linear
(u,v)ew
programs: max max _ % v, - However to obtain max _ Hvi one is faced
1gigh (u,v)ew (u,v)ew

with the essentially impossible task (even for a moderate-sized k 2 15) of

solving 2%k linear programs: max max _ cv, where C is the set of 2k

c€C (u,v)ew

vertices of the cube (y | y € R®, -e £y £ el. In fact for integer p 2 1

the problem  max tvi has been shown to be an intractable NP-complete

(u,v)éa

problem [(6). We finally note that the methods of [4] could also be used to

obtain the bounds of this work.

gives an achievable bound on Iul1, whereas the

y
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